On an almost Hermitian manifold, we have two Hermitian scalar curvatures with respect to any canonical Hermitian connection defined by P. Gauduchon. Explicit formulas of these two Hermitian scalar curvatures are obtained in terms of Riemannian scalar curvature, norms of decompositions of covariant derivative of the fundamental 2-form with respect to the Levi-Civita connection, and the codifferential of the Lee form. Then we get some inequalities of various total scalar curvatures and some characterization results of the Kähler metric, balanced metric, locally conformally Kähler metric and the k-Gauduchon metric. As corollaries, we show some results related to a problem given by Lejmi-Upmeier [27] and a conjecture given by Angella-Otal-Ugarte-Villacampa [2] .
Introduction
In Kähler geometry, the complex structure is parallel with respect to the Levi-Civita connection. There is a well connection between the complex geometry and the underlying Riemannian geometry on a Kähler manifold. S. T. Yau [41] proved that the Kodaira dimension of a compact Kähler manifold with positive total scalar curvature must be −∞. He [41] also proved that a compact Kähler surface is uniruled if and only if it admits a Kähler metric with positive total scalar curvature. For a Hermitian non-Kähler manifold, the complex structure is not parallel with respect to the Levi-Civita connection. We J. Fu usually choose the Chern connection instead of the Levi-Civita connection and hence we have the (total) Chern scalar curvature. I. Chiose, R. Rȃsdeaconu and I. Ş uvaina [10] then successfully extended Yau's result to the non-Kähler case and showed that a Moishezon manifold is uniruled if and only if it admits a balanced metric of positive total Chern scalar curvature. Recently, X. K. Yang [40] have proved that a compact complex manifold M admits a Hermitian metric with positive (resp., negative) Chern scalar curvature if and only if the canonical line bundle K M (resp., anti-canonical line bundle K * M ) is not pseudo-effective.
The purpose of this paper is to study various (total) scalar curvatures on an almost Hermitian manifold. We first recall some definitions given by P. Gauduchon [18] . Let (M, J, h) be an almost Hermitian manifold of real dimension 2n. Let ∇ be the Levi-Civita connection of h and F the associated fundamental 2-form. P. Gauduchon [18] introduced a 1-parameter family D t of canonical Hermitian connections as follows:
There are three important cases: D 0 is the first canonical Hermitian connection, also called the Lichnerowicz connection [25] ; D 1 is the second canonical Hermitian connection, also called the Chern connection because it coincides with the connection used by S. S. Chern [9] in the integrable case; D −1 is the Bismut connection. In the integrable case, D −1 is characterized by its torsion being skew-symmetric [4] .
On an almost Hermitian manifold, we have the Riemannian scalar curvature s and the J-scalar curvature s J associated to the Levi-Civita connection. The relations and some applications of these two scalar curvatures are discussed in section 2. Meanwhile, for any canonical Hermitian connection D t , by using contractions of the corresponding curvature tensor K t , two Hermitian scalar curvatures s 1 (t) and s 2 (t) can be defined. In fact, for a given unitary frame field {u i } i=1,2,...,n , we define s 1 (t) = K t (uī, u i , u j , uj) and s 2 (t) = K t (uī, u j , u i , uj).
For a Hermitian manifold with the Chern connection D 1 or the Bismut connection D −1 , the relations between the corresponding Hermitian scalar curvatures and the Riemannian scalar curvature have been presented in many papers [16, 1, 23, 28] . In this paper, we mainly establish the following two identities. 
Here, (dF ) − , N 0 , (dF ) + 0 and α F are the four components of ∇F [18] . By letting some of them equal zero, A. Gray and L. M. Hervella [21] defined 16 classes (4 classes for n = 2) of almost Hermitian manifolds. We will use the same notations of classes of almost Hermitian manifolds as in [21] . For example, the class
In the following, we give some applications of Theorem 1.1. 
The equality holds if and only if (M, J, h) is a locally conformally Kähler manifold when
t = 1 − 1 2(n−1) or (M, J, h) is a Kähler manifold when t > 1 − 1 2(n−1) . (2) If (M, J, h) ∈ W 1 ⊕ W 4 and t ≤ 1 − 1 2(n−1) , then M [2s 1 (t) − s]dv ≤ 0.
t = 1 − 1 2(n−1) or (M, J, h) is aTheorem 1.4. (=Theorem 5.4.) Let (M, J, h) be a compact almost Hermitian manifold of real dimension 2n (n ≥ 3). (1) If (M, J, h) ∈ W 2 ⊕ W 3 ⊕ W 4 , t ∈ (−∞, −3 − 2 √ 3] ∪ [−3 + 2 √ 3, +∞), then M [s 1 (t) − s 2 (t)]dv ≥ 0.
The equality holds if and only if (M, J, h) is a balanced Hermitian manifold when
t = 1 or (M, J, h) is a Kähler manifold when t = 1. (2) If (M, J, h) ∈ W 1 ⊕ W 4 , t ∈ [−1, 1 3 ], then M [s 1 (t) − s 2 (t)]dv ≤ 0.
The equality holds if and only if (M, J, h) is a Kähler manifold.
Recently, B. Yang and F. Y. Zheng [38] , and D. Angella, A. Otal, L. Ugarte and R. Villacampa [2] have introduced the definition of Kähler-like Hermitian structure on a Hermitian manifold. As a corollary of Theorem 1.4 (1), we prove conjecture 2 in [2] for
Although t = −1 (i.e., the Bismut connection) is not contained in Corollary 1.5, we have
In particular, if h is a Gauduchon metric (i.e., δα F = 0) and
The paper is organized as follows. In section 2, we provide a brief description of the almost Hermitian geometry. An important formula between the Riemannian scalar curvature and the J-scalar curvature is obtained. In section 3, we show the explicit formulas of the two Hermitian scalar curvatures of the Lichnerowicz connection on an almost Hermitian manifold. In section 4, by using the structure equations of the Lichnerowicz connection D 0 and the Chern connection 
J-scalar curvature of an almost Hermitian manifold
In this section, we provide a brief description of the almost Hermitian geometry. In particular, we review the decomposition of the covariant derivative of the fundamental 2-form with respect to the Levi-Civita connection. Then we introduce an important formula between the Riemannian scalar curvature and the J-scalar curvature. Some applications are also discussed.
Let (M, J, h) be an almost Hermitian manifold of real dimension 2n. J is an almost complex structure which is orthogonal with respect to the Riemannian metric h = , . The Levi-Civita connection of h is denoted by ∇. The Nijenhuis tensor N is defined by
where X, Y ∈ Γ(T M). It is well-known that N ≡ 0 if and only if J is integrable [30] . The associated fundamental 2-form F is defined by
and the volume form is denoted by dv = F n n! . Another important differential form of (M, J, h) is the Lee form α F , defined by α F = JδF , where δ = − * d * is the codifferential with respect to h. In fact, the Lee form α F is also determined by
where (dF ) 0 denotes the primitive part of dF . The covariant derivative of F with respect to the Levi-Civita connection ∇ is
∇F also satisfies
where X, Y, Z ∈ Γ(T M).
According to Proposition 1 in [18] , ∇F has the following decomposition,
where
where bN is the skew-symmetric part of N, defined by bN(X, Y, Z) = 
class of Hermitian manifolds:
The metric h induces natural inner product, also denoted by , , on
The Riemannian curvature tensor R is defined by
where X, Y, Z, W ∈ Γ(T M). Meanwhile, the Riemannian curvature tensor R induces an important curvature operator R :
One can also use the metric h to view the curvature operator R as an endomorphism of
Let {e 1 , e 2 , ..., e 2n } be a local orthonormal frame field of (M, h). The Ricci tensor is Ric(X, Y ) = R(e A , X, e A , Y ), the corresponding Riemannian scalar curvature is s = Ric(e A , e A ).
Indeed, on an almost Hermitian manifold (M, J, h), there is a J-twisted version of the Ricci tensor, called the J-Ricci tensor from now on (in some literatures, also called the * -Ricci tensor) [21, 36, 13] . The J-Ricci tensor, denoted by Ric J , is defined by
The corresponding J-scalar curvature, denoted by s J , is given by
Thus, we can introduce the following 2-form ρ J , called the J-Ricci form,
By direct calculations, we have
Let ∆ d = dδ + δd be the Hodge Laplacian operator associated to the metric h. By using the Bochner-Weitzenböck formula for the fundamental 2-form F , we obtain [17]
where ∇ * denotes the adjoint of the Levi-Civita connection ∇ with respect to h, Ric 0 is the trace-free part of the Ricci tensor Ric, and W is the Weyl curvature operator.
By contracting (2.12) by F , then
In particular, if (M, J, h) is conformally flat, i.e., W = 0, then
In general, from the decomposition of the Riemannian curvature tensor [3, 13] , we have
Combing (2.14), (2.16) and (2.7), we obtain the following difference between the Riemannian scalar curvature s and J-scalar curvature s J ,
We remark that from (2.7) and (2.17), we can prove all the linear relations in Theorem 7.2 in [21] . Using the formula (2.17), we have
The equality holds if and only if (M, J, h) is a balanced Hermitian manifold.
It is obvious that the above equality holds if and only if (dF ) − = α F = 0. Together with N 0 = 0, the result follows.
Remark 2.2. Recently, B. Yang and F. Y. Zheng [38] have proved that for a compact Hermitian manifold (M, J, h) with Riemannian curvature tensor R satisfying the GrayKähler-like condition [19] (i.e., R(X, Y, Z, W ) = R(X, Y, JZ, JW )), then (M, J, h) must be a balanced Hermitian manifold. This result is included in our Theorem 2.1. Because the Gray-Kähler-like condition implies s − s J = 0, and moreover, our condition
, not necessary a Hermitian manifold.
By using the same method as in Theorem 2.1, we obtain
The equality holds if and only if (M, J, h) is a balanced Hermitian manifold.
Proof. From the decomposition of ∇F , if (M, J, h) ∈ W 2 ⊕ W 3 , then the component
which implies
Thus, the theorem follows. 
Scalar curvatures of the Lichnerowicz connection
In this section, we show the explicit formulas of the two Hermitian scalar curvatures of the Lichnerowicz connection on an almost Hermitian manifold. Preparing for the next section, the corresponding structure equations of the Lichnerowicz connection are also presented. Let (M 2n , J, h) be an almost Hermitian manifold with Levi-Civita connection ∇. The
and the corresponding curvature tensor K 0 is
where X, Y, Z, W ∈ Γ(T M). A straightforward computation shows the following relation of the curvature tensors K 0 and R [20, 12] ,
From the above formula, as in the Hermitian case [16, 28] , we can define various Ricci forms and Hermitian scalar curvatures by some usful contractions of the curvature tensor K 0 . Here, we only consider two Hermitian scalar curvatures, denoted by s 1 (0) and s 2 (0), of the Lichnerowicz connection. With respect to the almost Hermitian structure (h, J), we shall always choose a local J-adapted orthonormal frame field {e i , e n+1 = Je i } i=1,2,...,n . Then the corresponding unitary frame field is
..,n . Set uī = u i . The first Hermitian scalar curvature s 1 (0) and the second Hermitian scalar curvature s 2 (0) are defined by
From the relation (3.3) and (2.11), we have
According to the decomposition (2.4) of ∇F , it follows that
Then, from (3.4) and (3.5), we get
For s 2 (0), by the similar method, we have
Using the first Bianchi identity, it follows
and
Then, from (3.7), (3.8), (3.9) and (3.10), we obtain
Combing (2.7) and (2.17), the formulas (3.6) and (3.11) yield the following theorem.
Theorem 3.1. Let (M, J, h) be an almost Hermitian manifold of real dimension 2n. Then
The integral formula of (3.12) is given in [7] . This formula is very useful in characterizing different types of almost Hermitian structures, in particular, for these with vanishing first Chern class [32, 7] .
Note that for other canonical Hermitian connections mentioned in the introduction, the corresponding curvature tensor is extremely complicated, not so simple as in the formula (3.3). In the next section, we should exploit the moving frame method, which turns out to be very effective in our study of curvatures in almost Hermitian geometry. At the end of this section, we also show the structure equations of the Lichnerowicz connection on an almost Hermitian manifold, preparing for the next section.
Let {e i , e n+1 = Je i } i=1,2,...,n be a local J-adapted orthonormal frame field on (M, J, h), its dual coframe field is denoted by {ω
be the connection form matrix of the Levi-Civita connection. The corresponding curvature form matrix is denoted by Ω = (Ω A B ). Thus, the structure equations of the Levi-Civita connection are
14)
where ω
Set J 0 = 0 −I n I n 0 , I n is the n × n identity matrix. Then we have the following decompositions of ω and Ω,
In fact, 1 2 (ω − J 0 ωJ 0 ) is the connection form matrix of the Lichnerowicz connection. The unitary coframe field is denoted by
n+i ), and set
Obviously, ϕ 
where τ i = −µ i j ∧θ j is the torsion form, and
Hence, using the skew-symmetric property of Ω and µ, the first Chern form associated to the Lichnerowicz connection, denoted by ρ 1 (0), is
In fact, the two forms √ −1µ i j ∧ µ i j and −Ω n+j j are globally defined. In a more familiar version, these two forms can be rewritten as follows [32] ,
where X, Y ∈ Γ(T M).
In particular, if (M, J, h) is a Hermitian manifold, equivalently,
j is a non-negative (1, 1)-form. As a classical example, we consider the six sphere S 6 . For the standard round metric, the associated fundamental 2-form F of an orthogonal almost complex structure J satisfies R(F ) = F . If J is integrable, thus from (3.18), ρ 1 (0) is a closed positive 2-form. It is a contradiction since the second betti number of S 6 is zero. Moreover, we can get the following well-known result. 
Curvatures of the canonical Hermitian connections
In this section, on an almost Hermitian manifold, by using the structure equations of the Lichnerowicz connection D 0 and the Chern connection D 1 , we obtain the corresponding curvature formulas of Gauduchon's family of canonical Hermitian connections D t . In particular, we show the explicit formulas of two Hermitian scalar curvatures in terms of Riemannian scalar curvature, norms of decompositions of covariant derivative of the fundamental 2-form with respect to the Levi-Civita connection, and the codifferential of the Lee form.
For an almost Hermitian manifold (M, J, h), we consider local unitary frame field u i , and its dual coframe field θ i as in section 3. Locally, let ψ = (ψ i j ) be the matrix of the Chern connection form. Then the structure equations of the Chern connection are given by
where T i is the torsion form, Ψ i j is the curvature form. For the (1, 1)-component of the torsion form T i is vanishing, then T i can be written as
where T 
The torsion tensor T D 1 of the Chern connection is defined by
then (4.3) and (4.4) yield
From the structure equation (4.1), the exterior differential of the fundamental 2-form F is given by
Then we have 
Combing the structure equations (3.16) and (4.1), we have
From the following facts,
and some analysis of the form types in (4.12), it follows [25] The structure equations of the canonical Hermitian connection D t are 
The above formula is also obtained by using different methods in [18, 12] . Extending the action of the almost complex structure J to any k-form φ by
where 
Proof. For a Hermitian manifold, from (4.17) and (4.18), we have
Since on a compact Hermitian manifold, d = ∂ +∂, δ = − * d * = ∂ * +∂ * , where ∂ * = − * ∂ * and∂ * = − * ∂ * are formal adjoints of ∂ and∂, respectively. Then
Now the result follows.
As in section 3, we define the curvature tensor, denoted by K t , of the canonical Hermitian connection D t as follows,
Proof. From the structure equation (4.16), the curvature form
is the curvature form of the Lichnerowicz connection D 0 .
From (4.14), we get the form decomposition of µ i p ∧ µ p j as follows,
For the Riemannian curvature component, since
then we have
From (4.13), it follows
Combing (4.13) and the structure equation (4.1), a direct calculation shows that
Then from (4.23), (4.30) implies 
Proof. For s 1 (t), from (4.22), we have 
Combing with (4.10) and (4.11), it follows that 
and 
These Ricci forms are very useful in the research of almost Hermitian curvature flows and cohomology groups of almost Hermitian manifold, which are worthy to study furthermore. One can refer to some related works in [28, 33, 34, 8] .
Some applications
In this section, we show some applications of Theorem 4.3. On a compact Hermitian manifold (M, J, h) with the Chern connection, (4.38) implies the following integral formula of the first Hermitian scalar curvature s 1 (1) and the Riemannian scalar curvature s,
The equality holds if and only if dF = 0, i.e., (M, J, h) is a Kähler manifold [16, 28] . In general, for an almost Hermitian manifold (M, J, h) with canonical Hermitian connection D t , we have
The equality holds if and only if (M, J, h) is a locally conformally Kähler manifold when
Combing (4.33) and (5.1), for
, we have
If M [2s 1 (t) − s]dv = 0, then three components in the above formula are all zero. The results followed.
(
Combing (4.33) and (5.2), for
, we have In particular, if h is a Gauduchon metric (i.e., δα F = 0) and s 1 (−1) = s 2 (−1), then h is a k-Gauduchon metric [14] , that is √ −1∂∂(F k ) ∧ F n−k−1 = 0, for k = 1, 2, ..., n − 1.
Proof. From (4.38) and (4.39), we have
Then the difference between s 1 (−1) and s 2 (−1) is Combing (5.6), (5.10) and (5.11), we get 
